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1.0 Cfifc,A ► tl * A'I'IV.U t’.. f ti.* i! tv to rgl «K*U* UCB 

U.s aperture di strituti... j. ru.c t;.j diet it fi .id p*tt rs.. 

Tiii& e-^u^ticn of r«*5 tionui. i» tn« found .t _n of U»« leiet* s t iocs, 
i.d ill ^r-seuts » * toad fcr gelutioxs ©1 u.a fc.arture 

uiotr-cntiCn i-i* us* *.%«*». t;. . ai*t it ii*l<x pattern c..r. fce ex* i.eitiy 
ex. £.1 «. ice*® t-Oi. . I ¥ funct 

1.7 Cue. ter IV pres .t t* t> itat:<o;: for re 1 title*, whlcn util/- sag 

ta j ^.evy;o..scet.ts of Cite ter III but enitn be -es tot re,u re tn&i t .& 
dwti.-t fie*d p#ti4m b* *x.p , Lcitiy ex,,res.fe<i In V functions. The 
eetnorf L a o.awd cn tu« u&e of a s.#tu_«.' t*c i dev c-v n sn .. epts « 
r.si of tr '.taxors rfi.d.-MJi; tit* ex. t.- , rtur. illicit. lion 

pVwt*»rx. fiiiu t~e ^Vat <t i'Le <i p« i.en., 

I.e Co..CvUj_oia rn<3 aiua-ir.. of a. « twice . r ^re. . x-V-d in 

Caw^ tur V. 

l.J H..yvica I cc.i t. l.-i » . ,st oi -jabois uuao it; the j. o ; r. 

Ia.oso re ai^&c .jtf.loii.tC 1» fo ttr t<r© turnuvucct the . r ^jXb ‘.be 

utoor eots-d-red cuci. a. ien t.n ex,, ci . t. i , •sjaI.x II :.r-*sff:,.t» 
defix* tides „* t..« *• ti.eoikt5.crJL tui.ctiouc used in to- anwlo^n .z-ts 
usd it cc*.ect ,>:» of u* tn ox t.;*se funct*ci .a ett-nned in tn*. course 
of t..« *i.veatij,- tic:;, fc.x**pi.<*s of tne usx -f in* .v.®tncd pro, osed ic 

Gee f . ter III i»r* givez. ir. 1^, a..dlx III, : i.d (won-, ~ '■ $■ of tre « «txcd of 

Cn.pter IV r in A. uer.d.x IV. £ .endlx V cor.tr.lna tab.e* rt-d 

curves. Appendix VI contains tv© important later developments in the 

tneory. 
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Chapter II 

Derivation of Distant Fi aid feu? ticn 
2.1 For & complete under a tanning of the relationship Letveer. 

the aperture cistri buticc and the distent field rtdi lion patt< rt., 
it la first necessary to establish the correlating equ< tioit, The 
developsent her® presented is that oi J. A.Ctratton ®x.d Dr. L.J. Cfcu* 
and of C. *.Schel*Uhoff**. »uch of the derivation p.rd applie tion 
*n s discussed egr the late Gccajnder D»v® John, ion, U. £.$>., in bis 
essay (5) submitted to the Johx.s nopwins University in 1949. This 
sethod consists of direct integration of k(-x*eil's field equations 
ay ti.e us® of the vector e&elogu* cf Green's theoress and the transform- 
ation of the result to analytic fora, 
d. £ The vector analogue of Green* e tneorec is 

((Q-VxVxP-P-V^VxQ)dv = f(P*V*Q n da , .^,21?** 

V 5 

vZiOre - ? sue Q" «re vector functions of position continuous end with 
continuous first and second derivatives throughout V end on S. V L» 



* 11 sc tree > « n e ti c Then? (1), sections 4-14, 6-14, 6-16. 

** £1 ectroa ai;- n eti. c <. Vivos (2), Chapter II. 

*** Green* e theorem in the lor»_of ( 2.J51) is obtained by cp#»iying the 
niv ur^ence theores to the vector P*lyxQ): 

(») (|v*(px(Vx5)}]dv - da. 

V ^ 

hxptiidix^ tee volti&e integral. d of (.) , *e have 

f[{CvxQ).Vxp}-{p.Vx(^^}]dv - ([{p*£vxQ)) *n"J da. 

v S 

Interon-n^ix-g the xcl es cf rxA T eid. nubtrs-ctlng the reeMltant 
equation froa (b), *e obtrin (2.01). 
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Let us essus® tft&t tixe is contained in tee electric and aecgnotlc 
— _ iuX 

field veetors, £ and li, only ea s f&ctor e end thst at every 
^oirt in spec© t be field vectors ere subject to these equ? lions. 

The equations of cotiX-.jAd.ty, o btel&ed by taking the divergence of 
( 2 . 02 ) rt-d (it.GS), relate tbe reel st-d fictitious** currents end 
cncrges. 

V' 3* — 'lUJyO - O , i §. 

V - J * - i — O. **■£’? 



* Syacols used in Hit deveuoptciit (el so listed in Appendix I)* 

_ vector intensity of tne electric fi old 

t vector intensity of the a: agnatic field ' 

J electric current density 

/2 el utric cnerge dei. ity 

J* fictitious aacnetic current be*»i ty - ** 

/Q’*' fictitious augsrtic ch&rge density * 

>t peraexnility of spree 

£- pomittivity of apace 

CO er. ular velocity 

i. pb .se constant 

J* - -:>d f * ere fictitious quni.titi a* ferving no physical 

existence. In tne cevelcpeent nere presented, er-itrsry disco r.tinuiti es 
in h ndTTwill be &s. : .used. Actually e phytic*! iapoeeiiiiiiy, those 
discontinuities woulo be general tee by physically existent surface 
distributions oi sweetie cuirent and charge. 



. » • ■ h iic i ~ 

, ~ = 7. ... •-> * H »V 

."o, - H-V 
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2.4 



Tiie vector & estisfies 



V x (^7 x e) — k E - icojxj" — V x <X*\ 2.08 

iquation ( 2 . 08 ) is obtained by t'kltig tue curl of (g.02), 

Vx( 7 xi)-' lWjX (vxH) = - VxJ ^ 3 •;, < 09 

and substituting free (L.OS), 

Vx( 7 x E) “ ic jjx ( J- i co e E ) = — V* «X *. 2.10 

Slow (2.10) ss>y bs written 

Vx(^xF)- jeojx J-v Z £jxE ~ ~ V x J*, 2.11 

wiiica is t;ie s>j»« as ( 1 . 99 ) since k 2 = io*£jx. 

2.5 Tne vector ii s&tisiies 

Vx Cvx H) - K^iT = \co£ T* -+ V *J , 2.12 

s&icx;. ic obtf-icea uy V;© curl of ( '* 05 ) £i<d substituting 

fr^it (2*^) i n ti^e is-^xur cl p^r^r/ph (2,4). 

(2*01) w© 1M P 5 ft *;&d Q I ig r unit 

X -i fCr* 

vector io «* arbitrary ^ireciioc (tad ©= * # f& e dlst-t.ee r, 

sessured fro* tee el ament at (X, Y,Z) to Ue point of observation et 
(X* ,Y’,Z‘ ) say be written (figure S) 



- V (V-lf (X»-X)* (Z'-zf 



D1E.C© 



I- 



_;<rv 



-J 6 -IC+ £)r, , 

nd V- V'fg - - > 



.14 



2.15 



v.16 



* btr;.ttoi< (1) us-;£ e for tea pos^ive tr- veil i.g *? f«. 
wCbeiiunoff (2), &s dc most et^inears, usee e“ 1|<:K . Tne letter is 
u.,ed in tnis «orJc. 



L x A 



V-.t ' v 



Z > V - - (H 






( 3 



V)> V 



. * L x '* — - '^3 ^ ; r'l ) > { v. / ( *1 * V ) y V 



> ~ r* 
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- K 






1 



Al 



C^ x vj * v 



. ,u 



" o) 



V "* 



.3 0 / 
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- V ft > 



; > 
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V , 



V*l i 



.. 1 

“ t 



• >■ <. - - ' |; > f • ~'W 



< r-' • - ?*+ 



' i'A • 
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ise utive t-e ideitiiti &ji 

(. Vx<p - v x <|a - x a , ; .17 

iv. V «7xQ « V x V(£x a 

= Vg(v.a)-a(v.vg)+&v)v<[> - (v£&)a 

= ak^ -v- Ca*v)v<| , -jc 

(..iace 1 i£ h ux.tt i,l vector, v-a = 0 ?nd (v$-v)$=o .) 

c. ^xp = VxE, _il± 

g. VxVxP= Vx^xE 

= K a E + iajjaj"- Vx y * f „rc& ( _. b). ... ‘ 0 

.\7 ^ris .i£^ (,-.31) it. itrat ci ice 1 JeotiUfc of p r&pk 

( 6) , «e ott,- it. 

/{ja{k*E -I- iajj^T- V X J *]-?• [a +^(a-^£)J j dv 
v » i- 

r f(0=* vJxa.l-£$axVxE J] *tT da., 

s 

i*i U6 t i.f v:.*uto ir-te^ *>1 cl {*..<'1), 

J j §£•[*■§+ io^T- V * J*]- F.& k^^(a-V£)]} dv, 

V 

X£.ia* w-CO^iSb 

a* J*<^jdv - dv . 

v v 

<v .>!/!% tt.«, vector iooM.ty, A-^6 - ^'^A — (5V*A , 

(till. fi:“ £i.Ci ) tc U.~ 1 V 1 Rtflg r#,l jcv«, 17. « v u».v 

-i.te r*_. ol (2. 2i) &%i o«s art tvox. 

a -(OcoyTg-V* !T*<£]<Jv -(v-(a-Vf)Edv +• { Ca X^X^ ^dv. 
v v J V 



x $>V >V » px7x v 
h +( • v)T -o;.*?}f7 - 




e 



$V(V-a} 




0 = fc-v 



, V3 X v = cj * V 
ri X V x V c - <-} X V X V 



xV-Xi^uJ 4 3 s h - 



vb | [C^7*E)V+|jl fcj ' 3 " L* ^ x V - 1, ija.i •+ 

\ 

. fob 7t • ^[1 x Vm £$]- [ bx $V v a]) ] = 

d 

V 

' v b ~ vb[_ ^*T.x’V-^C^U);3( * fe 

V V 

t A-'vy - AU'X' - c^-A t 

{$V.“} = 

.vb( a vxj>v-t)} + vb5(jv*K>v|- vt[ ft*7~ b 



oy a,ipp.L/l% U»« -r*iv®r c te. c« U.corts*i %o tl« vector ( T.V<£ )£ i* tli* 
s ;©3XJd ir.t^,rrJ. -.bove *u. subgiitutii^ frca {Z.Ob) it. tbs third 
iKt%r*l, *e obt&it* 

'3T-^[_» c ojxJ^-V , < jdv — j [(S-V^)E‘Vi1cl3.-+- )dv. 

v s y 

fo* iot us consider Utc venter ii-V^r-utich for-ule 

j"|Vx^J^Jclv •= (Hrix J^]da, 

v $ 

or f[(vx3 *)$-(j**V£X]dv = ([n x J^lda , 

V s 

wiicu at«.j bs writ lei. 



/|>*T*f]dv = {[J*xVf]dv tfl* xJ*S da 



4p?ii*ttl64 of ir.tr i eam2.it »JLio g **pr«i*ieft of Ui« voluae r 

of U.21) *c 



J{$a-[^E+ icujxT-v xj *J -f. [ a ^<jj + v(a • V*£)Jj dv 

= * |v<$]dv - a -/gf *»i)^ + 6rx T*f )] da . 

v s 

'■* S k>w UK cousider tno surf&cs t.vta» r«L of (,„.?JL); 

^/{[exVfva.j-JjaxVxFjJ'h da 

-f[v$(E>a)-a(e-V$)- V($a..E)+ E^SA7)J#v> da , 

= a- f J - £ )- h(v(H - e) - - e)}] da, 

= a*f[{v^x('g r xn)}-f{nx(rx^)}-]da , 

<S* 



arid cibstitutic* froa (£.0S) t 



$V. 



.vrn iV- , )" l *■ t b' n~ 3 ( .< 

\ 



ybi_«£*t.*V-}/L 



J ^ '..i c ‘ t 

V 



t ]. L * 7T J { - vb [* C* ^ Vj ] 



1 9b{$>*i * rTi i * vb[(:w**T)~rs r*v).l\ 



• *- b _§* t X «_]J 1 vbi|V x " 1 u r- vb: 3'^xxv ] j 



-j . ■% 

vb J :_(^V • X ) V + Xj * 3 - L* X* V l 

. x b l($*X xK) f b - vbl Jv^-£Vx*T " 



rT^Ll* V* js#J-[-^» £V x 3}j(^ 

o 

t >..fc rT'[(V->“^3 +(3.>X)V ~<§,V-3 )fc~(fc-3)^vU = 

f *-b (_t - r OV- (V- r">I j i - (B. i 1 V)7< -( « • % l ;i“ * 

<? A-b L ’( x'Six oji> - {(r*x 
» i=b [ x^) x nj.^ -f ^vx (3 xr. ) j.j (_ *b - 



9 



" e) + x — J *)}J da , 

- &* (L{(nx W)*V£}+ jt^Cnx h)<|> “ Chx J’^§)l<d<a. • 

wjktiEiBi, ( 2. U,z) u*d (t.£S), r«s8fib«ricg tfc«t & is nr sroitr-rj ur.it 



vector, «e obtain: 

([iwjx Jf-(<T*xV$) + £V$Jdv 

V 

= /L\Coxe)xV^{ +\cojj.(Z*n)§_ -t- (W‘ rO^$]da. _i 1 

.& It cast rov ue ix tad tfei I ~ ~ fc s & .itbiilrrit > at 

r = 0. To exc.uce tu^t point, ci rcu*sorib** t> inhere ©I r» dlue r , 
m. v te surface is S. , toout tuia peiA The acaaidL n 

is olrected out oi V &i.a uer.ce radially tcxurd (X* ,'i' , Z* ) . "F is 
s unit vector ciractca frcs to* sourc* tos&rd (l , ,I , ,I , )« »*er.ce 
on tbs e^iiere, "E = IF . ioa tne vc^cr.e V is ir.v#r*«ily by 

too aurfftce S. arc extern&lly by 8. Tbersi^ro, Ui© w*rf*c« lut©t,r>-I 
oi" (z,2i) autt £>o coi.cidered ever 5+ E ; j 



/ 

= ; [{(n*E)*v£}-k icu|x(nxH)J -J- .v> ) ^dd. 

S + S T 



Let u. cot.rJ.uer to© *« rf # c«3 internet ever 8. » lbs i r tc,.r- . ever ft. 
of (_.£5) e i‘.j b« fritter. 

-ikrr 



~ ,Kr ./ -iky;/' -ik^ / _ 

I E^da.+ ik^_ lEdd. + icobt^. Kn*H)da, 

w j r % l r r t l 



. 6 



S. 



bsceuce of ti;« vector identity 



(** E)x b + (fvF) * =■ E 






v'b L ■f-'x —j (Jr ^ 7 * u> ) L jj ’'i_j ( 

\ 

• i-b L (^ ' 3 ) 4- ( H * rt 4- •< jtV X (ii x 71 )j j - 

1 " 



*.b 



c 



C •- Hm^T; v ;•” pj. *«-7 y 



/ I 

-V!: 



. V X- x i 1 - ~ J' ( H x r ) 



i 



-F 



*(a 



vbL^v- •* 

>-bL 3^ ( *** ^CH>rr)AlU.M* 4- 1 (HxT) | ~ 



... 

• ftb i^MiJ, 1 Jt'aaum 4- j»t>3 j >fi 

7 v 



4 

I 

V 

i c i •' 



Nf 

?- ,* 



*+ jb^> j 

v. *■ ^ 



.c * 

t 



4t ' rt(H'fV) 4- <•’ * ( 3 *7}) 



end because, on 8.*, 
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Let h and ( axH ) denote the aa.n values ci’ vectors £ and ( ij x «i ) 

over S, . She rurfftce i&tegr Is over S. then n*ve ta« value 

-i fcV, _ _ 

-t-itojji I nx H 

r, 

1 1 * tae iisiit es r — > 0, this value recucee to 4v£ Lerce 

(2. 2o) may ta written 

e(x;y;z') = ^i]dv 

— j^icj^(nxH)$4-(?ix§‘)xV^ -f (£■• n)v$Jd<9i , _t_ 

exprcssiCfe the electric iield vector &t any interior point of V. 
Interch&tfcirg vectors leerii. to <. urre porjaii^, s^res let. for h: 

H(<T'Z'> = n fk«£ J*f + (J *V£.) + £V$ 1 dv 

— e ^£ia)eC n *E)^-(vix H)»Vf - £ n ' H) jdci . -ti 

-4ir 5 - 

£.9 If .ii currer.tr r.r.d cucr^ac car. ha ei.c>cfed ml Win a 

rp^ere of fliite red.us, the fitnd is reijuur t itdinity %ui 
either hide cf S *»r.y be cnoscr. c a its •interior*. 

-.10 Suppose th t We a*- rga *nd current distributions ir. (.,. 7) 

are confined to a Win nay r on tne -urfitce of S. An We t c cf 

ti.is layer diainicnes, We tensities tty o<i inures sed. /r.o ii wa 
i i*d t, toe voiuse densities 1 re repl cad by surf tee densities. If 

^ - - V<£ , anere the prim? above the ^mciei-t o or tor 

c. ©notes ui f i erenii a tic 0 wiW respect to We vn?l. tier «t the point 
of Ok.seryt.tion (S jX’jZ 1 ). (1), section 5.6, pp ICS. 





. rtf* + i 
V 1 









- ri. <■ i 









=■ i' v 



( 7 t^ ( - .. .. 

; \ H x c , j? M-~ i + -+ Q. ) .tTff-" 



V 



,*• 



c 



W ' 



vb; j.v f -t l>- jii-u. ij c Ti ^ « (V\ ;r',x)B 



f *;b [_$V \rr *r») f J>Vx v, 3 *t < ) *f x ft ) x*(a>i ( 



J ~ 

iff 



vt,L iv~'+^y»i;w C^'»Jh 



fcibL '|V (H *77 ) - QV* ^ H * f“ ) ~ 3Vf.' ) o i j ^ J ~ 



Uie region V contains rx> c inrge or current vd t&i r, Its interior 
or on 3, tne field at en interior point tscoaes 
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eCx/y.V) = --L /£; <y > J i(WxH > )5+ ("*e) x ?£ + ( e - v0^7$]da. _*_2 

ATT s 

ton let tae source distribution of eieetroangBetic energy exist 
over «,n aperture defined as t finite circuirr area of ridius *&" 
in space. Tue qperlure i® c. .1 el c ed ir. toe direction of M negative 
norasil by o perfect eb_crbent scre.u of rvalue n n n tnxdugn cn 
t~e eiectTOEfc^netic energy cannot pees. Consider tue geo* e trie 
center of tue aperture ss tn© origin of n spneric^i coordin te 
gystee. Tne pelat of observation (XST'^S 1 ) tnen kMNM* (ii, <{>,#•). 
(Figure 5) Since only circularly sys&etric aperture cictri buttons 
are now oei :g, considered, any distribution on tno r-perture is a 
function of only one vari-ble,/®, and of tbe constant /.perture ridius. 
The fixed ol>. ervetion point's el ctric field vector, E (X , I'',?*), 
any to expreseed as E (&,■$). Equstlon ( 2. 23) *sy ccr be written: 

E («?,«)* -^|[.'cojv(o xH)|-n(nXE)xV^+ (E-n)^ ] da, -cJl 

s 

2.~1 fines equation (y. 50) faiida only if £ cr-d K ere continuous 

and Hive continuous fi rft deriv?. tivec at all points of C, it c. .nnot 
wt: directly applied to U;e prcblot of radiation frea «n .-perture. 

Tc octal r. tie required extension, let us consider tae serf ce S, 
closed »t infinity, to be divided into tec tones, 5, and S 2 , by • 
cloned contour C on G te in Figure 2, page 12. is t:id H are 
continuous, ntve continuous first deriv tivos, «;.d satisfy ( 1 . 02 ) 
to (2.05) over uetu S, ibd S^. but t*.e components of E *n d S wnich 
ere tangential to tes surface are cutgect to * discontinuous cringe 
on wroeting C. Ted s uiacontiaiity can be reconciled *itft tne field 



•b L §>V ( i\ • a ) * *(, 3 > ri ) 4 |> ( V H < ?“ 



M : - 



Tr4 



• = .>.',Y;x>a 



. L,b I J'V vf *3) f ("i V n ) x a) i ][ ) ?3 

<v 
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e^S4.ti one by the iurwsr t srueptlen of i* linn distribution c f 
ca&rgee or currents &uout C. line cistri Lutiou cortrib-t-i, 

to trie field «Jfcd elio *e tx;« rwuit-nt L *. <3 L vectors; to satisfy 
We xi .'.dd eq>«t.ticfcs. 

2.12 bottler (4) proposed a. *. etxioc. of determining tuit tie 

contour a_i stri fc-tior.. 'n abrupt c*.*Ege it. tne cur. ; co Curr-^t 




Figure 2 



ueu.it/ x. I»*..iun t/ u»e ui ; c< uti uuity toe t r^v-ntial c* •oi.ent? 
ox L ud xi .ufier on cro.eiug C. “he wniw tir n of lift#, ci 
current, in turn, eta a - c> -wiited for rc-orci:^, to We e ,u tier, 
c t continuity by e.u acua&ul . tion of Ui r s e oi. C. Let ds Us *.u 
O . c.u di t OX 1 K, Ui &±oi^, C iu tne positive oi reckon ts deters ii.*c 
uy tue ^ocitive u in figure 2. c, is « unit vector i* We curf* ce, 
r.orx-1 to d$ *i;d t, si:.d ^irectsd into tone 1. The line densities 
oi electric end s .gx.-tic efcej%ei ei^l be de.i t Xii ted uy CT' M I err 

Tuns tbe e^u^tions of continuity, (f.L6) und (r. 7), us . .lied to 
eerf.ee current., becoe.es 

«,• (K-KJ = icoo~, ui 
























I 



f ^ 

' > 
c 




J 






} 






I 



T* 



w 

c 






>i > 



Cf 



’< » 4 



O. JL* 



n, • (K,*- K*) = la/, 

wdere £. = electric current eurf j cs dac:,ity, 
t*» MrcsLt fiurfi.ce cecity, 

= - fi x K, fr* - t * E . 

S»pr«.i5ii4 ( r. dl ) r*i (L. in ter s of E *nd 

ioxT = "n, - (n v H 2 - n x H.) - (fli-H.) • ( n,* y\) , 

'touc"* - vi, ' ( n * E, - rT x £2.) = - ( F 2 - E,^ • (X * yx) . 

ho a to® electric field vector at • fixed re 

surf ce c.r r c e di stfiLutlcr is 

r(x;v;z') iV oerf.z) v# d a , 

s 

If S is coneiuered rfc S ( - fl i , via re i# t concex.tric circle 
C, 4.X.C 3^ is dored to ap rc. eb 3, , im the lis.it 
f (1,1,7) -fccoces <r (1,1,7), o& -ecoseo ds, * t-d %ft« 
cocosics cc 2 . r lttaiy deflate ccaltar iate t ro*. Th i & cMtcur 

Li.X<Sf,r?±. usacriL'^s tut cc t tri -• etio r. ci ice cn r&e fCtuxti t-er on 
C to tue electric field vector nX toe fixed observe ti u point: 

F(x;y; %') = E((?,e) =4- £ j <rU$) V§,ds. _ot 

Fro!. ( .’. Ji), cr = - M.) ■ ft, ]< n) # 

ICJ 

#w m>«& li* figure 2, ( T* t *~n } - b ( ), b H ^ co^sV»4 

Buca Uj.:,u b ( ) is & unit v^t or* Over the sur£ v a.*> vi-ctcrr 

T ='h^ 0. luerefc re, <r - - b C H, * ds)+ 

)co 

ctoeti tutii^;, ( .^.6) o»cos«e;s; 



\S' 



fro**- a 



- .,n 



t y /s ) * -*■ % I{ ) -• xTi - 'H x fi ) • a - ”7 u ,| 



('• v .'»)•( ,3 - v3 V- ~ ( _,3 x a -,3 *' (« .) * ( 7, - * -o ,. 0 j 



•* b £v (y.yx.) * 1 -- <A\ 'vyx) 3 



.b |\f (.| V )" | ii K * (*->.*« * 0's X'X)'3 
* iA * - *T 



Vv I 



A r. b • , ft ^ _jj - - '•'o 

041 
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€(*,&) * - ± L_ & ( H. * ds) , L*ll 

icuc 

**Acu is tL® vector field occasioned by tne discontinuity at C. 

Let S« riei'iWi.t ei; opaque acre n over Mlofe & « H = 0 , imm 
fruffi (2. SO) a (2.17) may be written the e-;u» tio& for the !tAi 
resultihj, frca the r^ciati t-d surfsca J5 ( (restricting 

-JE < £ as cnovrt in /i & ure 3). 

2 ^ 

_ 41 

- j- ^[ic^i(f>xH,)<£ + (rj*ff,)xV<£ ■+• (E, • n)v^ J da.. 

41T | 

Sisilarly for tee sr-.fei.otic li -fid v„cU'r ci eorltutirn, * write; 

— jr ^viCr.-Js) 

^ ftf C 2.JJ 

4-J- j r [iw£ (fix ¥,)<£- On* H,)xV<£ -( n*H, ) V<|_icici. 

•‘fd 5 

.1*13 Ti.e further deve*o. s.cr.t I «r,u lions (i. So) rr-d ( -.39) 

ttix*. for tu® present be corniced to circul i*iy ry;sr*>triC, >itr.e 
polarized E. td H cistiri built r.r>. cir.cs ot.iy i. ( and H. •satist, 
they os witten cs i. :.d c. Let 

E : I a) i , .-5-1 

H = S\(j}\aS) J ■) ’ * 1 1 

Ltid U;e aptrUH is, 1& (1,1,0) pi ne to n = k« (Fi^.-re *)* 



* For eLeilri c^lljr r Oisri;ea the £ **r4 H vectors 

t*ve r-ir«ctieL6 lXAle,>es^der.t of tir,& ?:i*d are deflate t»y: 

,,ff , .-j.- «, ¥• 

The coefficient.; ii tne rnove expressions i.f.ve tn icl lowing 
epproxiffiftte free speco v,-xuess 

-L 

>^ o - li20 7Toh«s, y v - 1.^57*10 herri«*/*«ter, 

& - 12 . 

C 0 - 1 v 10 si e tars/ c cci-d, <S 0 = 8.8 54*10 f r- iia/e>*tsr. 






M 



9 



v 






Ilf* 






s 1 *.}i 







if > c ’ O 



Jf >*• x3L- 

Ccb • ,H ) <f>~7 b J. _- u - s- ;*+ ,» yi 

Tf- iwi 



.X b \v(ti • 3) +• |V <hm-)+ fr (,i5xa)^ , 1 > .L - 

^ ( TT ^ 



, 7 /f- * 

J TJ “ ^ v<-! I 



v : o*,H.)iV t' - tj = (tt.VOE 



.H*rl )- ‘i»vx( ( H xZ) .. i(3 xn) ) J h 

■* J ^ n *> 



i 



t i (-< > <V r 3 

- ; (3 ,c.'*> A*’ s H 





-3 AS i.- 



i 




13! 

/* 



Ihi 



3 



A |- 



K 



s «M 



51 o’--* 



71 



X 



.) 







Ry = R cos oc = R sm 0 sm <p, 

R x - r R cos y ~ R sm <- ^), 

Ry = R <-Oo 0 , 

R = R jmO cos(<p - cp) . 

>-Os /6 - Sin O cGS ( c^ ~ (p) ; C06 Y - Sit 10 COS Cp ; COS OC - SUA0 si r\ (p . 

r = Vr 2 4 A 2 - 2Kp cos 6 = RV ~ 2^ cos 6 + p 2 . 

, K ' R* 

Foe R »> /o , 

I 

r = R( i - Zpcos^ - R ( I - 2AcosO -4 ^ 

R o K 

- R ~ p cos fj - R - p s in 0 cos ( (p - (p) . 



/Sis' 
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c.,14 Int Tint intern! In (£. 33) vnnl sast-. bcc.us© o l' tne 

uLrcuisr «/ — t.t ry of t:.e «p*rt»r* at„triouUon, ( L ( - de ) 
Car-cei-iit^ in pairs « rsuno tne contour C. Vnerefo re, sc *ri te 
(2. id) es: 



4TtF 0?,^) = - j^ic^(n K + (nxe)x V$ +- ( n - E ) V$]da.. 

S 

tfce c~£. e:.e~t& of (2*42), va cusarva 

ico^x. C^ K H)c|[ - icjp-i_ic x J j - - ' ^y- M ^,a) i 
= r(^,a)r = -icjfju 



42 



- - ik I (^,a) i 9 

b. (n*E)x?i = (k v ) x 

= Lj x v$ 3 , 

c. vf> - -*f (i+ 

o. (?; x e) = - i i<^, a )[i + ~ 1 [ J* *£\ ■ 



, 47,t? 



?. 47c 



Ine fcIloJLi;*, 6 «ocetric t rel tt- ns t,re out* iiieu fros Figure 5 



ri.er* r 



^>jd : 



io = i Sin © Cos <^> +■ j sin© si'nCp -t- < Cor©- 9 

J X = icos •©- — k sin©- cos dp , 



o 

r 



•nd tuorefore, 

C nXE; X V •= - ilC(j)X(^> ( cl) 1+ j^i cos © — k si‘n©cos<p 9 . 44 

(K-e)v^ = Ek' U '7j - O. 



* 



• JL. O 



o, :fv <, -t •> ) x \ x> C'h »• t; I. v - - cC nt 



i v *. 1 * 01 ) /■ •‘in i 



v_ ](* «V' X /)_J U< 



5 i. H > c . j ;^v > i 



t(, '>/'•) 1 • " - lU ,{ 5 r_ 1 - 

r 

* 

^ t l I.J j O t ) 1. ^ t “ 



j V v ; j(. ' (■ ) X ^ >• ) ~ ^ V v ^ i \ /r ) 



X ! -* (-'-‘A • 1 



♦ 7- (.7,. *'> i : ''- ~ tV 

I • ’ J 

, Ti > ' 1 ~ { : ( i fi )X j > i - - <l % v (1 x h ) 

u w l — w ; 



> -t 



vjL./’.u* ''i 



t p « ~0 ^ 






1 -•• 






' V » < •» , 

j o ttu ; - * * 



‘V - V) t 'i X 



/% — 



Y 



* 1 cl> losti au s. v> i ~ * -i I ( r t u J X i yi * — ~ v H 3 ^ 3 ^ 

w * i*- *3 ^ i j 1 * i% 

? V L 1 *X j O't'iJ 1 - 1'vA^i • 7T> 



li> 



Suoatit utii'ij (2. 4J), (2.44), (-..40) iu e..u; tier* (2*<U), ** 
o iit 3 .it: 



> 4 TT E(f? ( - 9 -) = ik a)[i -h (> + ' cosd-- k jind'cos^J da.. 

For it-s diet ».l fie-c. r»> I, (l+ — — ^ -> I , 

okr 

Tnerefore (i, 40) e.:- be re»Titt«r.j 

^nPCR.fc) = ik[(l+ CCS^)T - (rm ©■ ( jKyO.a.) da.. 



2 . 46 



47 



-,'Kr 

4 .td raaifcibertc^ tiift £ - ist , 



• 4 irE((?,- 0 ) - 2 tri f(j + cos-©) ■ — (sinG-co*^ k J j ~ J/a a) da.. 

x L s r ' 

frost tfce geoeetry of Figure i 

db = /O dyo d<^ 

r r a ~pBii.fr ccs(^-^), -(For %*« dist «% fieud 

a »> f elnfr COS 1$-? ) >, t..vrefore 1st r = li« 
Substitute t.g tnese geoaetrlcal re-*-t i"***? lu (2.48), «e utstiM 

N , -ilCR) C tkSsirfr CosCS-q) 

- [sin & 05 klj §_ | jr ^ e. ^ 

a 2 *rr ^ *R ^ 

= 1 f , 

2,r j>=o fc'o '/• 



. 46 



\49 



is..are 



G - itre. ^r(l4-cos6'V' ~ (k'ind’tesc^) kl 9 

XR L 

io>t 



ir. wx.icu tbe tiace factor « hns beet i:.c uded. 



0.16 



A * , 4 . 

SiLCe<|i& i t. delete! *.At r; £ , d = ri(<^ - <j? ) > ?r.d iettiiig 



k£ site's e, e^Uftlor. (t. 49) Decrees 

4 2 TT 

e 

7=0 ’ ^=o 



E(R,^ - -&- 

2 rr 




...oi 



. [/ p 2&..> ^rvi L X - -0 i oj i X _ "M_) -+ i j(*> ( yTp ( ^ i - 



v. ' z. Ii • 



. I <“( -J- +1) 

"t Mi' 



<« 



. *.-.>b (*' ,pXI fi ( pM(<p w *•? ) — • +Oj>ii - (■& ) 5t)Xn^ 

1 -rX;- 

f - d 

*T 1 

r _ . ... 

Job (jb ,t )i — [ |_M (f?*> x$n'u) -i 2-0 + I) i-n ^ - (Q-,3 ) 371-f^ 
~T i J "a 



pb ©,b ,- 

,- p-f + V 

( p-f •& ^ «< 



i{^^+i)j ^ - (e^ya 



tb£ 



t? Oli > f 

3( fc,u)X.j j ^ j|m [y > {uSci? j - 

A, A, ~ 

< ib C.b«\ C -H r 

C.r<^ 3-^ ^ 

f i X Op *» > G <M«>) - i (*620 l) -h)J ^ 51 ^ Uj ^' DJt i = x) 



>*/ 



*1 



- p 



TT^s t 

( f- - t ) ^0-t V i 'l \ ~- 

.Cf-^jb j ( S^Wpil ■* 



/ 

* 



= <M)I 



?>-• 



¥ 



; s 
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i ti'O'z J&iU’-JB.e ai-U ricde (6), 149, 

/ ^ 

T . \ v~" f <wcosd) ;n<z> , 

J n Cw^ - J e 1 e T dqr 

2nr (=o 

*kc in t&e «*#« ox n r 0, 



, 2TT 



J * x i ( iwcoscp 

o<w^ = — J e * 



2%^ 



d<p . 



t. *?. 



Cut-sti tutii% ( 2. u2) into (2. ol), we o bt-.i 1 : • 

E(^) =■ G [/^ ECfia.} sin &) d/*. 



:.55 



< . 0 / >o = 0 ._ . d A 



ho w 1 et I: 



A » 

'A 



C * - > Ol.Ci 



c*i*cUrrly sy*2*trlc f-p-artu re 



cistri butio r>e. 



ECRj 0) - Ga 2- j J 0 £^ka.:nr>e)d 



" J .5 

-£ = o 

Ini 8 is tee f ix wn-cb ill. £>e e_ r.f-lusTtu for iurtiier -_evr..o , er.t 



of • uf'lutlor:. 



2.17 



Ii. coap tely p<r»l.l«l fashion fix's (2. is#), 



O 

H(f^O) - ^ f'to©) d^O , 



p-O 

#uere f = ire 
AR 



i Cwt - K(?) 



/6W-C0S £fc) j — (V»r> & «n <f> ) 1C J , 



:. 56 



tsnu letuii^ z = /L j 

a. 



2. 57 



1 

H (^,0) = Fa 2 J -if ;^A(V) J 0 c^ska sin 4) . 

Q 

ise c:e r. Vw4i.e ol tec r«. t<? *t r.i tu -.s-er^y tr> v:r^«e 
ft *urtece *~oca mew i i# ia tne <ur<H.ticn(fx .• n eieett^ t n®tic 
teeld cm. be detewduKi t-y cor. struct! r*, tee ccspiex Kyct-.i* v«-_tor 

jS - £ F A H , -;. 15 

— 

wbv-re i. is tea c-.-ffipl.3x coi.juj , *■ te of 11. T&ig corresponds to the 
sea cur* hie en«r b y in preetlc-.. Sub*titu Ur.£ (2.54) l.d (2.57) in 



•nx, 

fn; 'Jiv.vw; ■ 

,^b £■• ' 3 V — i. ~ <w)„l 

1 c,i-^ 



. v . . v — 

• t b " iV ^ 



Xb (3 rhc %.'A ) (X ( ^ l x, ~ ) 3 



at. . 



*\ A 

>J\ * 



,-*L i5 ) X » 5)1 * 



^ .i.t 
c -- V 



* vO,?J>3 



15 - 



_ (U* - -jin), - 

, ( (<£ cm> "§ fxPj — ^ (.6 < o. -fOl j?7L ^ 

>4v 



c* *- 



. 5s b (t* 012 Jo >VJ X b V V' x l * ~ H 

0 = 5 



V 



H K ~2 f 



lb 



(2. obtslnj 

3~= 1x5 

a 



= [4 *J| /t Xarm $)dsJ](&X P . ). 



r. S 3 



If «- is ii*, ( ?. + Su ) SieCSftifti 5 

7> -j — 

G-® _ul^ [»- 4 -cos ©3 i 

ar 

&t.<3 (2. b6) aec s.se 

i - tc£) r -, _ 

F~ i£e Ll + ce«ajj. 

AR 

Ho* (2.59) tty be writ vet 



,.C0 



6 i 



1 _ * p *- 

S*- IL^: | jT(?k:aSin0)<dz] (i)J[Ctka s , »»\6)d*]jj+c©?&] X. 

2 > Z R 0 « 



/Iso waen-6-is sa&ll 



lEl - j~^| 6 + ^ 5 0)[ j^r^4)0^6aJ«a rin©^) d’tj j ^ 

^ * 1 
ini = I ^ 0+ co 5 ^) L (?rhkc*)\Ukck. <>:*&) d-i ) | » 

• A K n 



?. 6 f- 



£.6* 



U £*0 tU-M. 

*r-ttei..j 



ii.ce |Hl = for po*- rises! pl.'j.e v.ver, (2.62) Mkf be 



is*i 



H a 

2 A*R\ 



' z \ 

^Ife)v£(3lc<a rm©) d&- j £ l-t-cos | . 



o.es 



* Am re strict lot. tbit & be ser_. is w-vers--! ot*e. 

Itvestvg&tlcn of tills prollea *it- tt.e reeVri cti •'« en $• re: ovsd rould 
be very ii.tercs.iibg ti.c »i*i be ccia-u reo if ti»8 permits. Perrgrrptt 
(£.i2) applies t«e restrictict. -E <$< I -su.icu o«»xol be r«s< ved usibg 
tiio prssei.t iseiUtod of s.lulior.. 



h / 



c» 



.( 73 * r ) *) 5 V lf5 t>(^fO<?i->V) L<.*OX>( '“ 

^ n >v. a J X i 



.'■ 'I 



_ ^.-M-Xs.)' - 

t 1 “ ~ x -' 



. [ ja *v + i 



(>^>; - Ju\ \ i 

Jilt -z ^ 






" V «* *T * | ^ 1 Vj ^ 

.> ^■'•‘o. +1 j^Ov.fif'iZ isfc fo35-/Jl<V)X V ) > fc.? - 

0 * " sJv 5 »V,s 



t j_*b <tV.u j jc&c^ + O J * i =U 

i 

♦ I t *-b j v -<& ;a- a. i' v <a c \n + | ) ~ TT j - l|-i( 

' o * J * A l 

is* xiHj 

p 
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Tfcua frost ( 2. 64») it is e® .t- \ut t for ,.oi.*rised »{v»eo 

(S’*!- Ip_^ — lH / >7 or 4 m ae mie « er.er^y is i-.rs, rt-to&s 1- 

\ 2 * 

th# «1 |aj or |h) . Aif All t« used • e fca* c rrelr 

rclstiora^i,) betv«eu tc« ,i.? yi-c. «xc j.r; dtc. f&ct r* it t*»« 
prow«a. 



Chapter III 



SO 



i ttetnod for iDetensiftstioc of aperture Fi stri tulle u 
i.l Cdptai II ae#~.i rit.. Ue deve^opae£.t of Ui® integral 

equation roistionsi-iy octieet. t»*s ax fit -nt field vectors E sud !i 
slid tiitt aperture distributions I(z) cud fc(z), restricted tc 
circus ar*.y p>*z.etr; c plane polarized saves. Cine© tfce ae» curable 
ecer&jr r« t© it- %** di stet t field, | S*| is pro iortlotri to |£ /, 
o m/ eduction ( 2. 64) si., be cocci t ©red. 

i 

£<>,£» = Ga i /strci)j;{:*ka.j-me)cii. 

6 

I. ^ Cue pos.Ible 3tt y lituc» di ttri uuticij at ti:e aperture Is 

1(a) — i, u const i.t. Tide clatributlon «iil i« usee W cetera! ce 
tuo fuE-ctioii%I ue-yei.dei.ee of ?* if. order to bri rig equation {£.01} into 



usacle fore.. 

E ((?,-©) = 



X Ga z $tZ 0 Cbka.<zin-&) d^r 



lo icte*rate (i.J2) we c «. use Sor.ir.e’s first 



a: 




O 



Z3t(j.)>-ij 3t>(o) >- 1 ] 



finite interred* 



(% 'y*'~ ’ 



and a® e t..e foI'orLu^ uuoctitutiocs: 



z: sin-#, dz = cofcO d#., 

jf: O, ** Sir. ©- = 

0-0, 



* * 

♦ / 



Sonine* a itte^r..! (J.GS>) tuen becomes: 



fj. <;*vas,-ne)^ a=s = f FYn ^ ^ . 



■ CH 



( Ka.s»n # 



* 7 u eery of o e ■: ■ ■ e. rur.ctl*' ~iij . Satson, u.fe. , (5), F £,© ?7o 



1 I 



! I 



I 

-it < k 0'/M I -| 'i ) (** 1 1 v \'-> C- - t : ') ,y ) 7i 

5 



“?> b r« J }< jr ^ A' ) *V ^ \ - x. =' J w 



/ ' T \ *r 

^ - i+Wj^w ri 

* — .. _ _. t I +(>/ j t 

V 'l ' 



- tit- V hC ' V . . v r 

- «s?c>fe <:o.> o- rti.vx)<tu j ; < y- t 



i - \ U JJL i\- 



'* * -o 
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'Xuereicre, (i.G£) beccases; 

E(j R,e) = 1G a 2 - HO) 5 Is^sL 

(fa ©-) 

»£iiCii Si*. we tfitt tu© coutru tuticii of tu© i t. 2 *{a t &) •*•3 & 
fui-ct-o<- of (i.£ sir.$ . Ihertsiore, toe sub suite tick (*. sii.05 — x 
*iil be asue; xcd &( H,&) *Lli be eescr.bed re £{x), re*eeber*cg, 
cc*ev«r, ti>»t it &**e &%#*£« or. ft. sr-aiJ'ts Wey occur it. ti. luug 
tne fc,ei-«»raA. equation bP be used for circu. ? rly eyeaetric aperture 

d i stri tu t Lo u beo- a e s : 

I 

EW - Ga 2, 5 * XU) (**} dt . 5-06 

0 

5.5 too sa&ple ietefcrvAioi. of (f.Ofc) by t..e Uu« cf (5.35) 

gives rt i* bi _ pr.ctio>l settod of ..clut-or.. Jer by ti.e very 

cu, r cter of 5 oiaue* & iorsult (x.jc), _t .t sc.t t..;t the icau.a 

x n / 

*i.- «orx eoj e*a.ly well &r I (z) — l(l-z. ). 'itu * ■= &ir.l9j 

( I - z' ) becoofefi er-s^-d* wd oereiy fc.vee &. M« v?Iue of 1ft (c.)5), 
x *i< u r«Utlli( vo^u^s ori 6 iu&.i/ assigned. Silver (0) * i.u T^e.-cer 
(3, 10) a.Tt! ^revioutly rtC-gMU z«d tue v lue oi this ia^r- t.-n 

1 " 

restricted t<: toe t-h*,-© tens (x-z ) . 

5.4 Toe prob^er. if._eo.. teiy ,t Lj Ld ie then tn© ex- rase .on 

of & ctrcul:rly syttuetr. c e rwre aistr buticn ac >. i auction cf 
(i- s 1 ). /souse, furttew-ore, to t tew df.tr. ~uti.cn cm. be ex,, rects-d 

(ME t .**<)»•* 
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. -irbcvx^L (S n V ( 'V rV -- /a 
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,+*. X. <- r, A + r . "> 

A. Vt Aa J ' * 



— V 



t I A 



I V 






! i 
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It is aa.^ful to note tu<t ****** r ^ II *fc integer, (1 - * ) 

Chi- be ex reseed in * finite ouster of tferau, tut to* t a fractional 
ej^cneut ( «iii c~> hits ueeh cn, tu. i.tctSif r/ it bie* c. s®£, «. eudix I » 
ex«* t ie 4 ) requires *« inid&ite series. There are ft t re^eiA no ku>«. 
series ex,. reas-loue lor c(x) li-vuiViLg, X r.~ ctio ax^on-ent#, tut 
trt ctieiwu. exponents are iiecest ry it tt* exj/reeiuci. for 1 (a) to 
itciuCG ad. ,,o stabilities. If t..e cua-a^tloc. 

oO 



* 21 r n+i 6-rf 

n=o 

is considered, then 

DO oO 






W. 7 x? T , -xr 4 n -0 _ ^?n(n-**- 2 ) r , 

X(€) = SX , ■ - i ? Z _~ 21 . " * 2 -“ r n*f 

•^-O ' n =3 



.MO 



I rv-" 2 * ' n =3 

b !5i th I ( 7 ) ax,, re sued es ii (h.--7), e t u t..ou (i.06) bectaes: 



EM = Gra^J/xi) £ I„., O*) a l«J* - 

o — - 1 

Ir.ttrciu tfeitg tne orutr of ru -tixi. a.i-d inte^r' tlon, ■»« h vo 

c?o I r > ~~l 

E 00 - G^y I ^ f=t J 0 Cx^) 6-^) * dnfr. 
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■a » < 



hro 



2 . o 



iiO» Boxing. the substitution sufia.es ted by paragraph (l. Z>) , 
z = sit Qr , the iixteirsri it (C.12) becomes: 

3 T 
” 2 - 

J^xsin-O-') siYv0- # c os h -0' dO”\ 



( 



' . t. 



which is r~cot.r-x- zed ts toe iute^rfl it (i.OJ) with Jt- C, rr.d 
V> =• r ~- . Tiiarefs re, usic*. (Sv€<) arxd (i.if), (?..12) bee res: 

e«= la? f r„, r(zp-) . 

z ~ (t)d 

Forxul (j.14) is the Usie of the solution of this hr cUcui Netted. 
„.G It is i8.,,rt~t.t now to ii-vc te ( .14). First, the 



2 ,U 






» i / 






i 



> ■ sj(i-r)i'i ~ _ , ) r , 

1 -•- \ i s - i 

f i ♦« ! 






1^ 



■>-r 



V^VMj 7 

' f i- 



•1 ' 1 



(*: a j 

v a 



*c' 



- (xjri 



»- r, 



“\ L 



*' (*- *'£ > i. j, A 



/> • -• 









* 



f ^ * L "1 * i 



^ ‘ *» ** \ I *K V ) 



» v 



* -r> 

~r -- V 



$ v 



j 4 i w 



V \ 



I 4 r • . — -n - . / '• 

v.' '■ :; t » i + o •* ^ * " * 



0 ~—fy 






«/ 

«X 



function*, *8 defined by Jefctxe rid Hede (6), will be introduced. 

a k (*> = ixis 



and 



^2. , « i Jk 
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K=o 



(n+ tc)j 



In bctfi (5.1 j) eui ( t .l&), * = C,l, :,t, ... , but for tee rur^psee 

cf this tcri ex. extension oi t n« definition 3f _A h to r.rif-ii-tet,«r 
v&lues oi n is r.ecess. ry. For-ul (..ll : ) is outlined directly in« 
t Sie ran es deflx.ition of J „ ( x) 
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K - o *■ C nfk > 
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So* (l>.r 7) c^u be extended to tne cr £« fr n »x>t nn integer** by 
<sBp.03rir.fc Gauss’ s function TT(p) instord of Jp. In tie c,s« j» is 
an integer, pi ~ TT (p) = P (p + i), aMt for til ?, TT(p}= P (» + 2 ). 

I'Lerefcre, it is a ic s .cn_ ext ng.on to define 



A tl 60 = TT^iVl , 

(4)“ 



A4»| 

• 2 . 



X \ 

‘ 2 U 



i: — C , I , n., 3, •* 



lui t fur.ct^ot is furv-er ex i:. j* rr tH.xj-ix II. 

5.7 Lotion (^.14) c .i. be further simplified: 
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m (x) forties *•* ,10 *#• truil-tec sot plotted in 

k pesdix V. 



r * o --el fUi-Cwi ~ no. (7), pp 14. 
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